The effect of Newtonian viscosity superposed on relaxation on wave propagation in a linear viscoelastic medium is examined. It is shown that the Newtonian viscosity dominates over the features resulting from relaxation. Since a generic linear viscoelastic medium has a Newtonian component it follows that the properties of wave motion derived here are generic, while pure relaxation should be considered a rare exception.
Introduction
In [1] we showed that the viscoelastic stress relaxation corresponding to a general Bernstein class creep function [2] in general involves a Newtonian viscosity term in addition to the memory term, which is a Volterra convolution of strain rate with a locally integrable completely monotone (LICM) 1 kernel. In the paper [2] on linear dispersion and attenuation in linear viscoelastic media Newtonian viscosity term was however ignored. We shall now examine the effect of including Newtonian viscosity term in the stress-strain relation in addition to the memory term. Many results obtained in [2] still apply to the case considered here, hence we shall consider the present paper as an addendum to [2] and use the theorems proved in that paper while focusing on the differences between the linear viscoelastic models with and without the Newtonian viscosity term.
As expected, the main effect of Newtonian viscosity on wave propagation turns out to be infinite wave propagation speed. Singularity of the relaxation function G(t) at t = 0 is another potential source of infinite wave propagation speed while Newtonian viscosity may be absent. This case was studied in Sec. 6 of [2] . In Sec. 4 we revisit the wave attenuation in media with unbounded G(t) for comparison with media with Newtonian viscosity. In media with a Newtonian viscosity component high-frequency wave attenuation is essentially determined by just the Newtonian viscosity coefficient. On the other hand the relaxation term is more relevant for low-frequency attenuation and the results obtained in [2] remain valid.
Since we expect the slope creep function at the origin to be finite there is a good reason to take into account Newtonian viscosity in addition to stress relaxation. This in turn implies that the high-frequency asymptotic attenuation of viscoelastic waves should in general be proportional to ω 1/2 , where ω denotes the circular frequency.
2 Relations between Newtonian viscosity, relaxation function and creep function.
We shall consider a one-dimensional linear viscoelastic problem:
where u(t, x) denotes the viscoelastic displacement field, N is the Newtonian viscosity coefficient, N ≥ 0, and G(t) is the relaxation function assumed locally integrable and completely monotone (LICM) [2] . The asterisk denotes the Volterra convolution
Note that the second term on the right-hand side of (1) contains relaxation as well as the elastic effect provided G(t) ≥ E > 0.
For N = 0 the current problem was investigated in much detail in [2] . In this paper we shall focus here on the effect of N > 0. For comparison we shall also examine the case of unbounded G(t) because both cases result in infinite propagation speeds.
The stress is given by the equation σ = N u ,tx + G(t) * u ,tx . The strain can be expressed in terms of stress by the formula u ,x = C(t) * σ ,t , where the kernel C(t) is the creep function. Comparison of these two formulae yields the duality relation N C(t) + G(t) * C(t) = t (5) [2] . Applying the Laplace transformation we get the equivalent relation
The creep function C(t) is non-decreasing and non-negative, hence it has a finite non-negative limit C(0) at 0.
We know [1] that for N ≥ 0 and a LICM function G(t) the solution C(t) of the duality relation is a Bernstein function, hence its derivative C ′ (t) is a LICM function. C ′ (t) is therefore non-negative and non-increasing. It follows that C ′ (0) ≥ 0, but it can be infinite. If G is bounded then G 0 := G(0) > 0, because G is non-negative nonincreasing and not identically 0. G(t) is however often unbounded at t = 0. We
In view of the identity pC(p) = C ′ + C(0) equation (6) implies that
If N > 0 then in the limit p → ∞ we get the equations C(0) = 0 and
Furthermore G 0 = ∞ implies that C(0) = 0. Equation (8) allows an estimate of the Newtonian viscosity coefficient from creep data.
It is worth noting that C ′ (0) = 0 implies that C ′ (t) = 0 for all t ≥ 0 (because C ′ is non-negative and non-increasing), hence C(t) = a for some non-negative constant a and for all t ≥ 0; by the duality relation (5) a t 0 G(s) ds = t − a N , hence a G(t) = 1 for t ≥ 0. Excluding the physically meaningless case of a = 0 we also conclude that N = 0. Hence in this case we are dealing with pure elastic stress. In the alternative case the Newtonian viscosity coefficient N is either 0 or it is determined by equation (8).
3 Wave attenuation in linear viscoelastic media with Newtonian viscosity.
Upon applying Laplace and Fourier transformation the wave equation assumes the form
here U (p, k) denotes the simultaneous Laplace transform of u(t, x) with respect to t and the Fourier transform with respect to x. Equation (9) implies the dispersion relation
We shall change the variable k: k = −iκ(p). The solution of equation (10) can be expressed in the following form
with the square root chosen so that ℜκ(p) ≥ 0 for ℜp > 0. The function κ(p) is known as the complex wavenumber function [2] . The wave field is given by the following inverse Fourier and Laplace transform [2] 
Since G is LICM, Bernstein's Theorem implies that
where µ is a Borel measure µ on [0, ∞[ satisfying the inequality
[2]. Inequality (14) ensures that G(t) is locally integrable at 0. For p > 1 we havẽ The function N p + pG(p) is a CBF, hence by Theorem 2.7 in [2] its square root is a CBF. By Theorem 2.8 ibidem κ(p) is a CBF. Hence κ(p) = B p + β(p), where
ν is a Borel measure on [0, ∞[ satisfying the inequality
Again we have that
κ(p)/p, so that B = 1/c ∞ if N = 0 and G(t) is bounded, while B = 0 otherwise. In the case of N = 0 the asymptotic behavior of κ(p) for p → ∞ was studied in [2] .
For N > 0 we note that
because of (15). It follows that for N > 0
The high-frequency asymptotics of the attenuation function α(ω) for N > 0 is therefore given by the formula
The high-frequency asymptotic attenuation is thus entirely controlled by the Newtonian viscosity coefficient, with the relaxation term playing only a secondary role. For comparison with [2] we shall also note that by Valiron's theorem (
, where l is a function slowly varying at infinity.
4 The effect of the singularity of the relaxation function on the complex wavenumber function and attenuation.
Another case of infinite wave propagation speed involves an unbounded G(t).
For N = 0 it is studied in [2] , Theorem 8.1. We shall now get a more complete result on this matter.
Let F (r) = µ(]0, r]). Then F is a non-increasing function, lim r→0 F (r) = 0 and
where G ∞ := µ(0) = lim t→∞ G(t).
Theorem 4.1 If G(t) = l(t) t −δ , where 0 < δ < 1 and l(t) is a slowly varying function at 0, then κ(p) = L(p) p γ , where L(p) is a slowly varying function at ∞ and γ = 1 − δ/2.
Note that δ < 1 follows from the assumption that G(t) is locally integrable at 0. It is shown in Sec. 6 of [2] that 1/2 ≤ γ < 1 for all viscoelastic media with a LICM relaxation function and N = 0.
for δ ≥ 0, where c δ := sin(δπ)/δπ). Hence
is a slowly varying function at infinity.
We have thus linked the singularity of G(t) at 0 to the high-frequency asymptotics of the attenuation.
Conclusions
For a general creep function in the Bernstein function class the stress is a superposition of a Newtonian viscosity term and the relaxation term.
If the Newtonian viscosity coefficient is positive or the relaxation function is unbounded, then the speed of propagation is infinite. In the first case the high-frequency asymptotic attenuation is essentially determined by the Newtonian viscosity coefficient, while the stress relaxation term only influences less important corrections to the attenuation. In the second case the asymptotics of the attenuation is different so that the two cases can be distinguished by examining the asymptotics of the attenuation.
Since the inequality N > 0 is expected to represent a generic case, the asymptotic behavior of the attenuation (21) and other features of linear viscoelastic wave propagation obtained in this paper should be considered generic. Finite speed of viscoelastic wave propagation should be achieved by allowing for certain non-linear models.
Low-frequency asymptotics of κ(p)/p is controlled by the low-frequency asymptotics of the function pG(p), while N p in equation (11) plays a secondary role. Hence we can use the results of [2] for this purpose.
